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Abstract
In this article, we present an elementary derivation of the notion of completely positive dynamics
which is extremely general. The hypothesis is that the correlations of the spectral projectors of the
bath hamiltonian are δ functions. We derive a decoherence result for pointer hamiltonian in the basis
of the pointer observable.
 2005 Elsevier SAS. All rights reserved.
Résumé
Dans cet article, nous présentons une dérivation élémentaire de la notion de dynamique complè-
tement positive sous l’hypothèse que les projecteurs spectraux sont δ corrélés. Nous déduisons un
résultat de décohérence pour des hamiltonians « pointer » dans la base de l’observable correspon-
dante.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction
A small quantum system like a particle, a photon, a molecule is coupled to large system:
what does it do, and how to describe it effectively? In classical mechanics, the traditional
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a particle in a liquid [1]). The physical assumption is that on a certain time scale the in-
fluences of the external medium become statistically independent at different successive
times. The small system goes towards a stationary state (not necessarily a thermal equi-
librium) and this state together with the relaxation are described by a Master equation, in
other word a stochastic markovian dynamics.
On the other hand, in quantum mechanics, the situation is not so clear: the large environ-
ment can drive the system to equilibrium (as in a classical situation) but it can also act as
an apparatus which measures an observable of the small system and it seems that these are
two extreme cases. In both cases, the small quantum system is decohering [2–6], but not
for the same reason. Decohering, here, means that the density matrix of the small quantum
system tends to become diagonal in a certain representation. Sometimes, the system does
not decohere and is maintained by its environment in a rather special state, as for example
in a Zeno type effect, when the small system is forced not to decay or to tunnel [7,8].
The mathematical description of these various phenomena cannot, surely, be uniform.
One can use path integrals and influence functionals [9], phenomenological Master equa-
tions of various types, linear response theory (see e.g. [5,6,10,11], and more recently, the
notion of completely positive dynamics (see [12] for a mathematical theory of this con-
cept) which leads to a general form of Master equation (and also [13] for a different point
of view).
In this Note, we shall derive the notion of completely positive dynamics, in a very sim-
ple manner without any mathematical sophistication and shows that it originates from a
quantum hamiltonian dynamics of the system and its environment, when one makes the
approximation of second order perturbation theory and the hypothesis of a delta function
correlation of the dynamics of the environment (in a sense which will be given more pre-
cisely in Section 2) exactly like in classical statistical mechanics. In particular, we shall
prove that the so-called pointer hamiltonian dynamics, leads to such a completely positive
dynamics, and induces a decoherence of the density matrix in the basis of the eigenstates
of the pointer observable (Section 3). Finally we shall compute explicitly simple examples,
and conclude with critics of this approach.
2. Coupling a small systems to an environment
A small quantum system S (hamiltonian HS ) is coupled to an external environment B
(hamiltonian HB ) so that the hamiltonian of the full system is
H = HS + HB +
∑
j
Yj ⊗ Zj , (1)
where Yj are observables of the small system S and Zj are observables of the bath B .
Notice that every observable of the full system S + B can be approximated by such
interactions. Following a suggestion of L.S. Schulman, we call the Yj the pointer vari-
ables and H , a pointer hamiltonian. This terminology is justified by the model of quantum
measurement of Von Neumann [2] and also by the results of this letter.
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X(t) = e−iHtXeiHt . (2)
Let R be a density matrix of the bath, which commutes with the hamiltonian of the
bath HB . We define
XS(t) = TrB
(
RX(t)
)
, (3)
where TrB is the partial trace over the degrees of freedom of the bath. We can rewrite XS(t)
as
XS(t) = TrB
(
RX˜(t)
)
,
where X˜(t) is defined as
X˜(t) = eiHBtX(t)e−iHBt (4)
(interaction representation with respect to the bath) and then X˜(t) satisfies the evolution
equation:
i
dX˜(t)
dt
= [H(t), X˜(t)] (5)
where H(t) is given by a formula like Eq. (2)
H(t) = HS +
∑
j
Yj ⊗ Zj (t), (6)
Zj (t) = exp(−iHBt)Zj exp(iHBt). (7)
Let us now assume that at time t = 0,
X = XS(0) ⊗ IB (8)
where XS(0) is an observable of S only and IB the identity operator of the bath. We shall
prove in Appendix A, the following result. XS(t) satisfies the Master equation
dXS
dt
= −i[H(1)S ,XS] −
∑
j1,j2
αj1,j2
2
(Yj1Yj2XS + XSYj1Yj2 − 2Yj1XSYj2) (9)
with
H
(1)
S = HS +
∑
j
TrB(RZj )Yj (10)
and the coefficients αk are symmetric in (k, ) (the quantum analogue of Onsager’s sym-
metry law). The Master equation (9) will be derived in Appendix A, under the following
hypotheses which we state explicitly
(i) at time 0, the full system is in a state XS(0) ⊗ IB ;
(ii) at further times, XS(t) is given by the partial trace Eq. (3), with R a density matrix
for the bath which commutes with the bath hamiltonian;
(iii) second-order perturbation theory is used;
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We remark that Eq. (9) is exactly a completely positive dynamics in the sense of [12]
(and conversely, any completely positive dynamics is of this type). Our derivation is much
simpler than the usual ones and has the advantage to show clearly the physical assumptions
(i)–(iv) underlying such descriptions (and often hidden behind the mathematical formal-
ism).
Moreover, our method is completely analogue to the derivation of Fokker Planck equa-
tion in classical statistical mechanics (such derivations are usually based also on second
order expansions).
3. Decoherence
We assume now that we have only one pointer variable Y . So the Master equation (9)
for a density matrix XS reduces to
dXS
dt
= −i[H(1)S XS] − α(Y 2XS + XSY 2 − 2YXSY ).
We choose a basis of eigenvectors of Y
Y |n〉 = λn|n〉. (11)
It is easy to see that
dXS,mn
dt
= −i〈m|[H(1)S ,XS]|n〉 − α(λm − λn)2XS,mn. (12)
The first term of Eq. (12) is a standard quantum evolution under the hamiltonian H(1)S
and, by itself would generate a unitary and coherent evolution of XS . The second term
of Eq. (12) is dissipative and would induce by itself a decoherence in the sense that for
λm = λn,XS,mn is cut exponentially at a rate equal to α(λm − λn)2.
The combination of the two terms in Eq. (12) can lead to more complicate behaviors
as we shall see in the example below. In particular, the effective decay rate of the whole
system equation (12) is not always increasing as α increases.
4. Example: the two level atom
The system S is the two level atom
HS = Eσz, σz =
(
1 0
0 −1
)
and we take for Y the matrix σx =
(0 1
1 0
)
. Call |±〉 the eigenstates of σx with eigenvalues
±1, so that
|±〉 = 1√
(
1
±1
)2
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The density matrix Xεε′ satisfies
dXεε′
dt
= −iE
2
(Xε¯ε′ − Xεε¯′) − α(ε − ε′)2Xεε′
where ε¯ ≡ −ε.
As X+− = 	X−+, we have
dX++
dt
= E ImX−+,
dX−−
dt
= −E ImX−+,
dX+−
dt
= −iE
2
(X−− − X++) − 4αX+−.
Then
d ReX+−
dt
= −4α ReX+−
and ReX+− decays exponentially fast at the rate 4α. But
d ImX−+
dt
= −E
2
(X++ − X−−) − 4α ImX−+
so that
d2 ImX−+
dt2
+ 4α d
dt
ImX−+ + E2 ImX−+ = 0.
The rates of decay are λ = −2α ± √4α2 − E2. We see that for 0 < 2α < |E|, ImX−+
decays with the rate −2α, while if 2α > |E|, it decays with the limiting rate −2α +√
4α2 − E2. The maximal limiting rate is obtained for 2α = |E| (and not for a very
large α). In fact, if α tends to infinity, the decay rate is like E2/(4α).
5. Conclusion
In this Note, we have derived the master equation for a pointer hamiltonian and we
have proved that it coïncides with completely positive dynamics. Our derivation is math-
ematically simple and shows clearly the physical assumptions underlying it. In a sense,
it is exactly the quantum analogue of the Fokker Planck equation. On the other hand, it
is now known that the reduced dynamics need not be completely positive [13] when the
initial state is not a product state. Moreover, when it is possible to derive an exact reduced
dynamics, this exact Master equation is very different than the one derived here (and for
different reasons than the ones given in [13]). In the approximation of the completely pos-
itive dynamics, we have proved that the density matrix tends to a diagonal form in the
eigenbasis of the pointer observable (decoherence).
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Appendix A
In this appendix, we derive Eq. (9). We expand the solution X˜(t) of Eq. (5) to second
order in perturbation
X˜(t) = XS ⊗ IB − i
t∫
0
[
H(s1),XS ⊗ IB
]
ds1
−
t∫
0
ds1
s1∫
0
ds2
[
H(s1),
[
H(s2),XS ⊗ IB
]]
.
We multiply by R and take the partial trace over the bath
XS(t) = XS(0) − i
t∫
0
TrB
(
R
[
H(s1),XS ⊗ IB
])
ds1
−
t∫
0
ds1
s1∫
0
ds2 TrB
(
R
[
H(s1),
[
H(s2),XS ⊗ IB
]])
. (A.1)
For small time, the second term of Eq. (A.1) is easily seen to be proportional to
−it[H(1)S ,XS] with H(1)S given by Eq. (10). We have used the fact that
TrB
(
RZj (s1)
)= TrB(RZj )
because R commutes with HB .
We now analyze the last term of Eq. (A.1). We use the definition of H(s) given by
Eq. (6). Then[
H(s1),
[
H(s2),XS ⊗ I
]]= [HS, [HS,XS]]⊗ I
+
[
HS,
[∑
j2
Yj2 ⊗ Zj2(s2),XS ⊗ I
]]
+
[∑
j1
Yj1 ⊗ Zj1(s1), [HS,XS ⊗ I ]
]
+
[∑
j1
Yj1 ⊗ Zj1(s1),
[∑
j2
Yj2 ⊗ Zj2(s2),XS ⊗ I
]]
.
We take the trace over the state R
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(
R
[
H(s1),
[
H(s2),XS ⊗ I
]])= [HS, [HS,XS]]
+
∑
j
TrB(RZj )
{[
HS, [Yj ,XS]
]+ [Yj , [HS,XS]]}
+ TrB
(
R
[∑
j1
Yj1 ⊗ Zj1(s1),
[∑
j2
Yj2 ⊗ Zj2(s2),XS ⊗ I
]])
. (A.2)
In Eq. (A.2) the double bracket of the last term is
(Yj1Yj2X) ⊗
(
Zj1(s1)Zj2(s2)
)− (Yj1XYj2) ⊗ (Zj1(s1)Zj2(s2))
− (Yj2XYj1) ⊗
(
Zj2(s2)Zj1(s1)
)+ (XYj2Yj1) ⊗ (Zj2(s2)Zj1(s1)). (A.3)
Now, using the fact that R and HB commute:
TrB
(
RZj1(s1)Zj2(s2)
)= TrB(Re−i(s1−s2)HBZj1ei(s1−s2)HBZj2)
=
∫ ∫
re−i(s1−s2)λ TrB
(
dE(λ, r)Zj1 ei(s1−s2)HBZj2
)
,
where we have introduce the spectral projector dE(λ, r) over the joint eigenstate of R and
HB of eigenvalues r and λ and so this is also∫ ∫ ∫ ∫
r1e
−i(s1−s2)(λ1−λ2) TrB
(
dE(λ1, r1)Zj1 dE(λ2, r2)Zj2
)
.
So that last term of Eq. (A.2) can be rewritten as∑
j1,j2
(Yj1Yj2XS − Yj1XSYj2)
∫ ∫ ∫ ∫
r1e
−i(s1−s2)(λ1−λ2)Γj1j2(dλ1,dr1,dλ2,dr2)
+
∑
j1,j2
(XSYj2Yj1 − Yj2XYj1)
×
∫ ∫ ∫ ∫
r1e
−i(s2−s1)(λ1−λ2)Γj2j1(dλ1,dr1,dλ2,dr2) (A.4)
where
Γj1j2
(
dλ1,dr1,dλ2,dr2
)= TrB(dE(λ1, r1)Zj1dE(λ2, r2)Zj2). (A.5)
We permute the role of j1, j2 and rearrange terms in Eq. (A.4) to obtain∑
j1,j2
(Yj1Yj2XS + XSYj1Yj2 − 2Yj1XSYj2)
∫ ∫ ∫ ∫
r1 cos
(
(s1 − s2)(λ1 − λ2)
)
Γj1j2
− i
∑
j1,j2
[Yj1Yj2 ,XS]
∫ ∫ ∫ ∫
r1 sin
(
(s1 − s2)(λ1 − λ2)
)
Γj1j2 . (A.6)
Until now everything is completely rigorous. We now assume the Markovian approxi-
mation∫ ∫ ∫ ∫
r1 cos
(
(s1 − s2)(λ1 − λ2)
)
Γj1j2(dλ1,dr1,dλ2,dr2) ≡ αj1j2δ(s1 − s2) (A.7)
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dXS(t)
dt
= lim
t→0
XS(t) − XS
t
.
We first recover the bracket −i[H(1)S ,XS]. In Eq. (A.2), the first two terms of the right
hand side, give contributions in t2 and cancel when t tends to 0. The last term of Eq. (A.2)
is equal to (A.6). The cosine gives a contribution proportional to t and the sine gives a
higher order contribution. So finally
dXS
dt
= −i[H(1)S XS] −
∑
j,k
αjk
2
(YjYkXS + XSYjYk − 2YjXSYk) (A.8)
which is our Master equation (9).
We observe that if αjk = αkj , then
d
dt
TrS XS = 0
so that XS remains a density matrix at time t , if it is at time 0.
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